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Abstract— The generic-order crosscorrelation function be-
tween two non-identically distributed Nakagami-m fading
processes is derived, assuming a space-frequency diversity
scenario with horizontally spaced omnidirectional antennas
at the mobile station. Our result allows for distinct fading
parameters, power imbalance, antenna spacing/angle, and
frequency separation. Based on it, the coherence bandwidth
and the coherence time/distance of the Nakagami-m channel
are also obtained. The latter is found to be practically
identical to the coherence time/distance of the Rayleigh
channel.

Index Terms— Crosscorrelation function, Nakagami-m
channels.

I. I NTRODUCTION

Despite the many attractive aspects of the Nakagami-m
distribution in describing the rapid fading statistics of the
wireless channel, no unanimous dynamic model for the
Nakagami-m channel has been established yet, either by
physical argument or by empirical evidence. This may be
partly attributed to the fact that such a model was not
specified when the Nakagami-m distribution was originally
proposed in [1]. In that work, only the (static) Nakagami-m
random variable (RV) has been addressed, but not the
(dynamic) Nakagami-m random process (RP). For this
reason, most Nakagami-m simulators in the literature lack
a physically-based dynamic model and have to make par-
ticular assumptions to accomplish the temporal correlation
of the channel [2]–[6]. Besides, analytical expressions to
the higher-order statistics resulting from these assumptions
are usually unknown [2]. The higher-order statistics of the
Nakagami-m process are indeed longstanding uncertainties
and explicit discussion of this subject is rarely found in
the literature.

A well-accepted physical model to the Nakagami-m
process with fading parameterm multiple of half-integer
relies on the decomposition of the squared fading envelope
into the sum of2m squared zero-mean independent iden-
tically distributed (IID) Gaussian fading processes [2], [7],
[8]. In this paper, based on the above physical model, the
generic-order crosscorrelation function (CCF) between two
non-identically distributed Nakagami-m fading envelopes
is derived, assuming a space-frequency diversity scenario
with horizontally spaced omnidirectional antennas at the
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Fig. 1. Antenna configuration.

mobile station. Our result allows for distinct fading pa-
rameters, power imbalance, antenna spacing/angle, and
frequency separation. Based on it, the coherence band-
width and the coherence time/distance of the Nakagami-m
channel are also obtained. The latter is found to be
practically identical to the coherence time/distance of the
Rayleigh channel. To the best of the authors’ knowledge,
no published analytical results on the Nakagami-m cross-
correlation exist yet. Original contributions of this work
include the following:

1) Closed-form expression for the generic-order Naka-
gami-m CCF in a space-frequency diversity scenario;

2) Straightforward approach to account for space di-
versity, based on the time-space duality of fading
phenomena;

3) Closed-form expression for the Nakagami-m cross-
correlation coefficient (CCC);

4) Simple, insightful, accurate approximation to the
Nakagami-m CCC;

5) Evaluation of the coherence bandwidth of the Naka-
gami-m channel;

6) Evaluation of the coherence time/distance of the Na-
kagami-m channel.

II. T HE NAKAGAMI -m CROSSCORRELATION

FUNCTION

Consider two horizontally spaced omnidirectional an-
tennas at the mobile station, as sketched in Fig. 1. The
antenna spacing isda and the angle between the antenna
axis and the vehicle speedv is 0 ≤ α ≤ π/2. We assume
that the fading envelopeRi(t), i = 1, 2, at theith antenna



is propagated at frequencyωi (rad/s) and follows a Naka-
gami-m distribution with fading parametermi and mean
powerΩi. (Without loss of generality, letm1 ≤ m2.) Next,
we shall derive the generic-order crosscorrelation function
RR1,R2

(τ) , E
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2F1(·, ·; ·; ·) is the hypergeometric function,fD = v/λ is
the maximum Doppler frequency in Hz for a vehicle speed
v and carrier wavelengthλ, ∆ω = ω2−ω1 is the frequency
separation in rad/s, and̄T is the mean time delay of the
scattered waves. (E[·] denotes expectation.) Form1 = m2,
Ω1 = Ω2, and∆ω = da = 0, (1) specializes to the Naka-
gami-m autocorrelation function [9, Eq. (25)].

III. T HE DERIVATION PROCESS

It is known that the sum of2m squared zero-mean IID
Gaussian RVs is a squared Nakagami-m RV with fading
parameterm [1], [2], [7], [8]. Equivalently, a sum ofm
squared IID Rayleigh RVs can be utilized. In [1], this
approach has been used to construct a bivariate model
for Nakagami-m RVs having identical fading parameters,
with their Rayleigh components assumed correlated two
by two. The corresponding joint moments have been also
obtained in that paper. More recently, [8] generalized these
results for two non-identical Nakagami-m RVs Ri having
parametersmi and Ωi, i = 1, 2. The generic-order joint
moment ofR1 andR2 has been derived in [8] as
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where m1 ≤ m2 and ρ2 is the correlation coefficient
between each correlated pair of squared Rayleigh RVs.

Although the above models concern RVs, there are no
constraints for applying them to RPs. In other words, a
squared Nakagami-m fading process with fading parameter
m can be understood as a summation ofm squared

IID Rayleigh fading processes [7]. In the same way, a
joint model for two correlated Nakagami-m processes is
attained if the Rayleigh component processes are assumed
correlated in groups of two. Correspondingly, the CCF of
two Nakagami-m processes can be now obtained directly
from (3) with the appropriate use of a physically-based
CCC ρ2 = ρ2(τ) between two squared Rayleigh fading
processes.

The statistical properties of Rayleigh fading processes
have been extensively reported in the literature. In parti-
cular, the well-established formulation presented by Jakes
[10] can be used. Using [10, Eqs. (1.5-11), (1.5-14), and
(1.5-15)], it follows that

ρ2(τ) =
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whereθ andT are the arrival angle and arrival time of the
scattered waves, respectively,D(θ) is the horizontal direc-
tivity pattern of the receiving antenna, andωD = 2πfD

is the maximum Doppler shift in rad/s. (The remaining
parameters have been already described in section II.) For
an isotropic scattering (θ uniformly distributed between0
and 2π), omnidirectional receiving antenna (D (θ) = 1)
and T following a negative exponential distribution, (4)
reduces to [10]

ρ2(τ) =
J2

0
(ωDτ)

1 + (∆ωT̄ )2
(5)

where J0(·) is the Bessel function of the first kind and
zeroth order.

In (5), only frequency diversity is considered. Next, this
expression shall be appropriately generalized to account
for space diversity. As a rule, different instances of fading
RPs are specified in terms of a time delayτ between them.
Alternatively, instead of time, a distance separation may be
used. Following this approach and knowing that a mobile
at speedv moves a distanced = vτ in τ seconds (of
course), the Rayleigh CCC (5) can be rewritten as

ρ2(τ = d/v) =
J2

0
(2πd/λ)

1 + (∆ωT̄ )2
(6)

Again, note from (5) and (6) thatd and τ are dual
quantities which can be interchangeably used to specify
instance separations of fading processes. Exploring this,
the question now reduces to finding the equivalent distance
de between antenna 1 at time instancet and antenna 2 at
time instancet + τ and usingd = de in (6). From the
geometry of Fig. (1),de can be easily found as

de =
√

(vτ)2 + d2
a − 2vτda cos α (7)

Then, replacingd in (6) by (7), the CCC between Rayleigh
processes at horizontally spaced omnidirectional antennas



at the mobile station is given as in (2). Using (2) asρ2

into (3), (1) is finally attained.
From (1), the CCCρ(τ) betweenR1(t) andR2(t) can

be found as
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with ρ2(τ) given in (2). (Var[·] denotes variance.) With the
aid of [1, Eq. (139)], an accurate, simple approximation
to (8) can be found as

ρ(τ) ≈

√

m1

m2

ρ2(τ) (9)

Indeed, it can be shown that
√

m1/m2ρ2(τ) is the exact
correlation coefficient betweenR2

1
(t) andR2

2
(t) [8]. It is

interesting to note thatρ(τ) is limited (approximately) to
√

m1/m2, since0 ≤ ρ2(τ) ≤ 1. In particular, for identical
fading parameters (m1 = m2), 0 ≤ ρ(τ) ≤ 1, as expected.

IV. CHANNEL CHARACTERIZATION

In the following, using (8) and (9), the coherence band-
width and the coherence time/distance of the Nakagami-m
channel are obtained.

A. Coherence Bandwidth

The coherence bandwidthBc is defined as the frequency
separation for which the envelope CCC equals a certain
thresholdρTH . A well-accepted criterion isρTH = 0.5.
Solving (8) for∆ω, with ρ(τ) = ρTH andτ = da = 0, the
coherence bandwidth in rad/s is found in a exact manner.
This is a transcendental equation and must be solved
numerically. On the other hand, using (9), an accurate
approximation is obtained as

(BcT̄ )2 ≈

{

ρ−1

TH

√

m1/m2 − 1 , ρ2

TH ≤ m1/m2

0 , otherwise
(10)

Note thatBc increases withm1/m2. More interestingly,
no bandwidth is required (Bc = 0) if ρ2

TH > m1/m2.
In particular, for identical fading parameters (m1 = m2),
(10) equals the coherence bandwidth of the Rayleigh
channel [10].

B. Coherence Time/Distance

The coherence timeTc and the coherence distanceDc

are defined as the time delay and the antenna spacing
for which the envelope CCC equals zero, respectively.
Solving (8) numerically forτ , with ρ(τ) = ∆ω = da = 0,
the coherence time is found in a exact manner.

Using (9), an accurate approximation is obtained as
Tc ≈ 2.40483/(2πfD). (The first null of the Bessel func-
tion J0(·) occurs at 2.40483.) In the same way, sol-
ving (8) numerically forda, with ρ(τ) = ∆ω = τ = 0,
the coherence distance is obtained. Again, from (9),
Dc ≈ 2.40483λ/(2π) ≈ 0.383λ. As expected,Tc andDc

are dual parameters satisfyingDc = vTc. Our results
show that the coherence time/distance of the Nakagami-m
channel is practically identical to that of the Rayleigh
channel [10].

V. NUMERICAL RESULTS AND EXAMPLES

In this section, using (9), some illustrative CCC curves
for Nakagami-m fading processes are obtained. In Fig. 2,
the coherence bandwidth is plotted versus

√

m1/m2 for
ρTH = 0.1, 0.2, . . . , 0.9. Bc increases asm1/m2 increases
and asρTH decreases. Note from the curves that, for
m1/m2 ≤ ρ2

TH , Bc is nil.
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Fig. 2. Coherence Bandwidth.

Figs. 3 and 4 depict the influence of frequency separa-
tion and time delay on the crosscorrelation, respectively.
Some plots ofρ(0) against∆ωT̄ are shown in Fig. 3
for

√

m1/m2 = 0.1, 0.2, . . . , 1 and da = 0. As expected
from (2) and (9),ρ(0) decreases as∆ωT̄ increases and/or
as m1/m2 decreases, being limited to

√

m1/m2. In
Fig. 4, ρ(τ) is plotted for

√

m1/m2 = 0.1, 0.2, . . . , 1
and da = ∆ω = 0. Note that the nulls are independent
of

√

m1/m2, with the first null corresponding to the
coherence time.

The effects of antenna spacing/angle are considered in
Figs. 5 and 6, for nil frequency separation. Fig. 5 shows
CCC versus time and antenna spacing, withα = π/4.
Note that ρ(τ) is a commutative function offDτ and
da/λ, which is in agreement with the time/space duality
already mentioned in previous sections. In Fig. 6, with
da/λ = 1/2, CCC is plotted against time and antenna
angle. It can be observed that, on average,ρ(τ) increases
as α decreases. In particular, forα = 0, full correlation
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Fig. 3. Crosscorrelation coefficient versus frequency separation
(da = 0).
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Fig. 4. Crosscorrelation coefficient versus time delay (da = ∆ω = 0).

occurs ifτ = da/(fDλ) = da/v, which is the time interval
the mobile station takes to move a distance equal toda.

VI. CONCLUSIONS

The generic-order CCF and the CCC between two non-
identical Nakagami-m fading processes were derived, as-
suming a space-frequency diversity scenario with horizon-
tally spaced omnidirectional antennas at the mobile station.
In addition, we presented a simple, insightful, accurate ap-
proximation to the CCC. Based on it, the coherence band-
width and the coherence time/distance of the Nakagami-m
channel were also obtained. The coherence bandwidth
increases withm1/m2 and is nil forρ2

TH > m1/m2. On
the other hand, the coherence time/distance is practically
identical to that of the Rayleigh channel.

REFERENCES

[1] M. Nakagami, “Them-distribution - a general formula of intensity
distribution of rapid fading,” inStatistical Methods in Radio Wave
Propagation, W. C. Hoffman, Ed. Oxford, England: Pergamon,
1960.

[2] C.-D. Iskander and P. T. Mathiopoulos, “Analytical level crossing
rates and average fade durations for diversity techniques in Nak-
agami fading channels,”IEEE Trans. Commun., vol. 50, no. 8, pp.
1301–1309, Aug. 2002.

0

0.5

1

1.5

2 0

0.5

1

1.5

20

0.25

0.5

0.75

1

0

0.5

1

1.5

2

0

0.25

0.5

0.75

fDτfDτ

da/λ

ρ
(τ

)
ρ
(τ

)

Fig. 5. Crosscorrelation coefficient versus time delay and antenna
spacing (∆ω = 0, α = π/4).

0
0.5

1
1.5

2

0

0.5

1

1.5

0

0.25

0.5

0.75

1

0.5
1

1.5
2

0

0.5

1

1.5

fDτfDτ

αα

ρ
(τ

)

Fig. 6. Crosscorrelation coefficient versus time delay and antenna angle
(∆ω = 0, da/λ = 1/2).

[3] N. C. Beaulieu and C. Cheng, “An efficient procedure for
Nakagami-m fading simulation,” inProc. IEEE Global Telecom-
munications Conference, vol. 6, Nov. 2001, pp. 3336–3342.

[4] Q. T. Zhang, “A decomposition technique for efficient generation of
correlated Nakagami fading channels,”IEEE Journal Select. Areas
Commun., vol. 18, no. 11, pp. 2385–2392, Nov. 2000.

[5] J. Luo and J. R. Zeidler, “A statistical simulation model for corre-
lated Nakagami fading channels,” inProc. International Conference
on Communications Technology, vol. 2, Beijing, China, Aug. 2000,
pp. 1680–1684.

[6] Z. Song, K. Zhang, and Y. L. Guan, “Generating correlatedNak-
agami fading signals with arbitrary correlation and fading parame-
ters,” in Proc. IEEE International Conference on Communications,
vol. 3, 2002, pp. 1363–1367.

[7] M. D. Yacoub, J. E. V. Bautista, and L. G. de Resende Guedes,
“On higher order statistics of the Nakagami-m distribution,” IEEE
Trans. Veh. Technol., vol. 48, no. 3, pp. 790–794, May 1999.

[8] J. Reig, L. Rubio, and N. Cardona, “Bivariate Nakagami-m distri-
bution with arbitrary fading parameters,”Electron. Lett., vol. 38,
no. 25, pp. 1715–1717, Dec. 2002.

[9] C.-D. Iskander and P. T. Mathiopoulos, “Analytical envelope cor-
relation and spectrum of maximal-ratio combined fading signals,”
IEEE Trans. Veh. Technol., vol. 54, no. 1, pp. 399–404, Jan. 2005.

[10] W. C. Jakes,Microwave Mobile Communications. New York:
Wiley, 1974.


